Introduction.
Recently Herrera and Gurtin [1] have shown that in the linear thoery of viscoelasticity the speed of propagation U of an acceleration wave is a solution of the eigenvalue problem (Gi;n(P)tijTii pU 8it)it = 0.
(1-1)
Here 0) is the initial value of the relaxation function Giiki(t); p is the mass density; n is a unit vector in the direction of propagation of the wave.
In this paper we show that the eigenvalue problem (1.1) governs not only the speed of propagation of acceleration waves but also the propagation speeds of shocks and all higher order waves.
Finally we remark that the theory presented here is not empty. Indeed, within the context of linear viscoelasticity theory, Chu [2] has constructed a solution which has a first order discontinuity (shock). In addition, solutions which contain discontinuities of arbitrary order N are easily exhibited.
Notation. Henceforth, (R denotes an open region of Euclidean three dimensional space; x = (xi , x2 , x3) is a generic point of (R; (P is a regular subregion of (R (called a part of (R); d(P is the boundary of (P; n is the outward unit normal to 5(P. The scalar t denotes the time. Given a function g of position and time we write g'm) for its with time derivative, i.e., g(m)(x, t) = dmg(x, t)/dtm.
Letters in boldface denote vectors. We shall, for the most part, use indicial notation and Cartesian tensors. Thus subscripts have the range (1, 2, 3); summation over repeated indices is understood; subscripts preceded by a comma indicate differentiation with respect to the corresponding Cartesian coordinate; 5,-,-designates Kronecker's delta. We shall sometimes find it convenient to use the vector cross product x X y and inner product x-y.
2. The equations of linear viscoelasticity. The fundamental system of field equations for the linear theory of viscoelasticity consists of: 
Here p is the mass density, while u,•, y,-,-, o-f<, , and /4 are respectively the Cartesian components of the displacement vector u, the infinitesimal strain tensor y, the symmetric* stress tensor d, the relaxation function G, and the body force density vector f. The first two equations are assumed to hold at every (x, t) t (R X (-00, 00); the third holds for every time t and every part (P of (R. We write the law of balance of linear momentum in integral form so as to include the possibility of discontinuous velocity and stress fields.
Finally we adjoin the initial condition u(x, t) = 0 whenever (x, t) t (R X (-°°, 0). Condition (A.l) is the requirement that 2S be a singular surface of order N in the sense of Duhem and Hadamard.** Given a fixed point (x, t) e 2s , condition (A.3) implies the existence of a normal v to 2S at (x, t). Such a vector is v = (n, -U) = (n, , n2 , n3 , -U), U > 0, where n = (nx , n2 , n3) is a unit normal to St at the point x. The vector n is called the direction of propagation; the number U is called the speed of propagation. For U ^ 0 *The symmetry of the stress tensor insures that the angular momentum is balanced.
**See Truesdell and Toupin [3] , §187.
we call any non-zero vector, which is parallel to the jump* [uW) (x, £)], a wave axis. Roughly speaking, condition (A.4) asserts that the surface S, , as it progresses, does not pass through a given point x too many times.
Finally we use the following terminology: If N = 1 we call the wave a shock wave**1, if N = 2 we call the wave an acceleration wave.
4. Shock waves. Our first theorem shows that the speed of propagation of a shock wave is governed by the same eigenvalue problem as that which arises in the study of acceleration waves. Theorem 1. At a fixed point (x, t) the speed of propagation U of a viscoelastic shock wave, whose direction of propagation is n, satisfies the eigenvalue problem We now choose (x, t) e (R X (-00, ) arbitrarily, pick T > 0 such that (-T < t < T), and let 0 denote a closed sphere centered at x and contained in (R. Further, we choose (x*, t*) e 0 X ( -T, T). By hypothesis, B(x*, t*, s) is bounded for (x* t*s) t 0 X [-T, T] X [0, t\.
Hence the second integral in (4.10) tends to zero as (x*, <*) -> (x, t). Next, by (4.9) and our assumptions regarding g, k, and ux , we find that A (x, t). This completes the proof. 5. Acceleration and higher order waves. Our main result is contained in the next theorem.
Theorem 2. The speed of propagation U of a viscoelastic wave is independent of the order N of the wave and hence satisfies the eigenvalue problem (4.1), where again is an axis of the wave. and hence, the identity 5 = n(n-ff) -n X (n X 0) (6.4)
(6.5) Theorems 3 and 4 now follow as immediate consequences of (6.5). Equations (6.3) and (6.5) are sometimes referred to as Weingarten's First Theorem.* 7. Consequences of initial isotropy. In this section we suppress the variable x and write Gim(t) = Gim{x, t) and p = p(x).
We call the relaxation function Gijki(t) initially isotropic if (?,•,*( (0) is an isotropic tensor, i.e., Gnhi{ 0) = \{G2 -G^Sijdki + iGi(Sik8,i + 5,i5,i).
(7.1)
The constants Gx and G2 are respectively the instantaneous shear modulus and the instantaneous modulus of pure compression. The solutions to the eigenvalue problem (4.1), (7.1) are well known from linear isotropic elasticity theory. Thus we have the following theorem.
Theorem 5. If the relaxation function is initially isotropic then there are two, and only two, possible speeds of propagation (UL and Tt) of a viscoelastic wave. These speeds are given by:
(i) Ul = (G2 + 2(?i)/(3p) in which case the wave is longitudinal; (ii) ZJ% = Gi/(2p) in which case the wave is transverse. Conversely: if the wave is longitudinal, then U = UL) if the wave is transverse, then U = UT • Acknowledgement. This paper is based on an investigation supported by the Office of Naval Research under Contracts Nonr 562(25) and Nonr 562(10).
*See [3] , §175.
